First counterexamples are given to a basic question raised in: M. Marshall, Open questions in the theory of spaces of orderings, J. Symbolic Logic 67 (2002), 341-352. The paper considers the space of orderings (X, G) of the function field of a real irreducible conic C over the field Q of rational numbers. It is shown that the pp conjecture fails to hold for such a space of orderings when C has no rational points. In this case, it is shown that the pp conjecture 'almost holds' in the sense that, if a pp formula holds on each finite subspace of (X, G), then it holds on each proper subspace of (X, G). For pp formulas which are product-free and 1-related, the pp conjecture is known to be true, at least if the stability index is finite (M.
Introduction
The notion of spaces of orderings was introduced by the second author in the 1970's and provides an abstract framework for studying orderings on fields and the reduced theory of quadratic forms over fields. There are several monographs dealing with the subject, [1] and [9] being ones that are frequently referred to. The structure of a space of orderings (X, G) is completely determined by the group structure of G and the ternary relation a ∈ D(b, c) on G; the groups with additional structure arising in this way are called reduced special groups [6] . We are interested in the elementary language of special groups L SG with ∼ = as a relational symbol, · as a functional symbol, two constants 1 and −1, and usual logical symbols. Atomic formulae are of the form either t 1 = t 2 for terms t 1 , t 2 or (t 1 , t 2 ) ∼ = (t 3 , t 4 ) for terms t 1 , . . . , t 4 . Using this language one can develop the theory of special groups; see [6 number of w j 's. Examples of such formulae are"two forms are isometric", "an element is represented by a form", "a form is isotropic". The following problem, known as the pp conjecture, is stated in [10] :
Open Problem: Is it true that every pp formula which holds on every finite subspace of a space of orderings holds on the whole space?
In other words, the problem poses the question of the validity of a very general and highly abstract "local-global principle". The answer to the Open Problem is affirmative for all the examples of pp formulae mentioned above. Another related result is the Extended Isotropy Theorem; see [9] . In [11] a still larger class of pp formulae called product-free and 1-related is introduced and it is proved that, for such formulae and for any space having finite stability index, the answer to the Open Problem is "yes". It has also been shown, that the class of spaces of orderings for which the conjecture is true contains spaces of orderings of finite chain length, spaces of stability index 1 (which includes spaces of orderings of curves over real closed fields) and is closed under direct sum and group extension (see [10] ). It has always seemed unlikely that the conjecture has a positive solution in general -but no counterexamples were known.
Both the space of orderings of a rational function field in two variables over a real closed field and the space of orderings of the field Q(x) are of stability index 2. The former has rather complicated real valuations and in this case the question remains open, while the latter has well-understood real valuations, and it has been shown in [5] , that the answer to the Open Problem is affirmative in this case. This suggests looking at finite extensions of Q(x).
In this paper we investigate the space of orderings of the function field of a real irreducible conic over the field Q. We consider all possible cases and construct counterexamples showing that the pp conjecture fails for the space of orderings of the function field of an ellipse (or hyperbola) without rational points and also in the case of two parallel lines. In [11] the simplest sort of pp formula which is not product-free and 1-related is also considered. The counterexamples we construct are of this type. At the same time, we show that the pp conjecture is 'almost true' for these spaces of orderings in the sense that any pp formula which holds on every finite subspace also holds on every proper subspace. In all the remaining cases, the function field of the conic is purely transcendental over Q so, by the result for Q(x) in [5] , the pp conjecture is valid in these remaining cases. * * * Throughout this paper we shall use the standard notation for the fields and rings Q, R, C, Z etc. For any subset S of a field F , we denote the set S \ {0}
by S * .
For a (formally) real field F and a subset S ⊆ F denote by ΣF Writing f ∈ G S to denote the image of f in F * , we define the value set:
We denote by τ S : G → G S the canonical group homomorphism. The map τ S is a morphism in the category of special groups.
If v is a real valuation on F , the set of orderings compatible with v, denoted X v , is a subspace of X (equal to X S where S is the set of elements of F of the form 1 + t, v(t) > 0). The group G S in this case will be denoted by G v , value set D S (g, h) will denoted by D v (g, h) and the morphism τ S : G → G v will be denoted by τ v .
A pp-formula φ with parameters f 1 , . . . , f k in G has the form
where ψ(t 1 , . . . , t n , f 1 , . . . , f k ) is a finite conjunction of atoms
for i , δ i ∈ {0, 1}, i ∈ {1, . . . , n}, and g, h being products of ±1 and a finite number of the f j . The associated pp formula φ S with parameters in the quotient G S is obtained by replacing each atom (1) of φ with
For a real valuation v of F , the associated pp-formula φ v with parameters in G v is obtained by replacing each atom (1) of φ with
Coordinate rings and function fields of conics
We want to investigate the space of orderings of the function field F = Q(C)
where C is a real irreducible conic defined over Q. By definition, F is the field of fractions of A = Q[C], the coordinate ring of C. If F is purely transcendental over Q then the result for Q(x) in [5] shows that the pp conjecture holds, so we concentrate our attention here on the remaining cases.
Everything we do to begin with works equally well with Q replaced by any field k of characteristic = 2, so we begin in this more general setting. After making a linear change in variables we can assume C is one of the following types:
In fact this is true for any conic C defined over k, irreducible or not; see [3, §151] . Since ax 2 + by 2 = 0 is equivalent to a(
any irreducible curve of type (2) with c = 0 is birationally equivalent to an irreducible curve of type (3) 
is purely transcendental over k in this case.
k(C) is also purely transcendental over k in case C is of type (2) with c = 0, and C has a k-rational point. This is well-known:
. This leaves us with type (2) curves (with c = 0) without k-rational points and type (3) curves (also without k-rational points, because we assume the curves we are dealing with are irreducible, so
In what we are doing here, we will only be interested in real curves defined
), we see that the type (2) curves that we need to deal with can be assumed to be of elliptic type, i.e., ax 2 + by 2 = c, where a, b, c ∈ Q are all positive. We need the following:
The coordinate ring of an irreducible curve of type (2) over any field k, char(k) = 2, without k-rational points is a PID.
See [13] for a proof and for other results of this sort. For completeness, and because we need many of the ideas later, we give the proof. Note that the same result also holds for any irreducible curve of type (3), but the proof is trivial in this case, since the coordinate ring is isomorphic to k(
, the polynomial ring in one variable y over the field k( √ d). 1. f = ∆. Then (f ) A , the extension of (f ) to A, is equal to p 2 . In this case, p is the principal ideal generated by y = √ ∆.
∆ is not a square in
. In this case, (f ) A = p, i.e., p is the principal ideal generated by f .
3. ∆ is a (non-zero) square in
. In this case (f ) A = pp, where p denotes the conjugate of p, i.e., the image of p under the conjugation map
. In this case we claim that rf = γγ for some γ ∈ A and some r ∈ k * . This will imply that p is principal (generated either by γ or γ) and will complete the proof. By assumption, ∆ = s 2 − rf , i.e., rf = s 
the assumption that C has no k-rational points.) If deg(f ) = 2 then, comparing degrees, we see that r ∈ k * and we are done.
We may assume deg(r) > 0. Consider the (not necessarily distinct) irreducible factors f 1 , . . . , f t of r. By induction on the degree, r i f i = γ i γ i for some γ i ∈ A,
for some q ∈ k * . We know that (γ i ) and (γ i ) are prime ideals in A and (
(γ i ) appears in the factorization of (γ 0 ) into prime ideals. Interchanging γ i and γ i if necessary, we can assume the former is always the case. Then the ideal (γ 1 . . . γ k ) is a factor of the ideal (γ 0 ). This implies that γ 0 = γ 1 . . . γ k δ for some δ ∈ A. Then qf = δδ and the proof is complete. 2
We also record the following result which we need later. The hypothesis and notation are the same as in Lemma 1.
Lemma 2 (1) The units of A are precisely the elements of k * .
(2) For any r, s, t ∈ k, s = 0, π = rx + sy + t is irreducible in A. ) is a point on C, this contradicts our assumption that C has no k-rational points.
It follows that h = 0 and deg(g) = 0.
then it has a root in k, contradicting the assumption that C has no k-rational points. Thus ππ is irreducible in k[x] and, consequently, π is irreducible in
The case of an ellipse
In this section we use the notation established above, but now we work exclusively over the base field k = Q. We assume always that C is the ellipse defined by ax 2 + by 2 = c, where a, b, c are positive rationals and that C has no rational points.
We consider first the relationship between the real points on C and orderings on F . Suppose p = (p 1 , p 2 ) is a real point on ax 2 + by 2 = c. The kernel of the evaluation map x → p 1 , y → p 2 from A to R is either the zero ideal or some maximal ideal (π), where π ∈ A is irreducible and real. In the former case p corresponds to a real embedding of F into R, i.e., to an archimedean ordering on F . In the latter case, since the residue field
is a finite extension of Q (see All orderings on F arise in this way: Let P be an ordering of F , let B ⊆ F denote the valuation ring of F consisting of elements which are bounded with respect to P , and let v be the valuation on F corresponding to B. Since
This implies x, y ∈ B, so A ⊆ B. The intersection of the maximal ideal of B with A is some prime ideal of A. If this prime ideal is non-zero then it is the principal ideal generated by some irreducible π. In this case v = v π and P is one of the finitely many orderings on F compatible with v π . If this prime ideal is the zero ideal, then B = F and P is an archimedean ordering of F .
We make use of the following two results:
Lemma 3 For any irreducible π of A, π changes sign on C at each real root p of π on C.
PROOF. There are two orderings on F compatible with the valuation v π and pulling back the ordering on
determined by p. One of these orderings makes π positive, and the other makes π negative. By the Transfer Principle, there are real algebraic points on C arbitrarily close to p where π is positive, and there are real algebraic points on C arbitrarily close to p where π is negative.
Since π has only finitely many real roots on the ellipse C, this forces π to be positive on one side of p and negative on the other side of p. 2 ¿From Lemma 3 it follows, in particular, that π has an even number of real roots on C.
We use the following 'geometric description' of value sets. See section 1 for the definition of value sets.
Lemma 4 (1) Suppose S is a finite subset of A with 0 / ∈ S, f, g, h are nonzero elements of A and f , g, h denote the associated elements of G S . Then
(2) Suppose π ∈ A is a real irreducible, f, g, h are non-zero elements of A and f , g, h denote the associated elements of G vπ . Then f ∈ D vπ (g, h) holds iff f g ≥ 0 at p or f h ≥ 0 at p holds for all real points p of C sufficiently close to the real roots of π.
PROOF. (1) is a special case of [5, Corollary 3.2]
. It can also be seen directly, using the relationship between points and orderings described above. (2) is immediate from the definition of D vπ (g, h) given in the introduction, using the correspondence between orderings of X vπ and roots of π. 2
Note: For f, g ∈ A with f, g = 0,
It follows that every element of G S is represented by a non-zero element of A.
We begin by proving a general theorem concerning pp formulae. The proof is a modification of the proof of [5, Theorem 4.1].
Theorem 5 Let F be the function field of a rational conic ax 2 + by 2 = c, where a, b, c are positive, which has no rational points. For a given pp-formula
* under the homomorphism f → f from F * to G, let Σ denote the set of all irreducible factors of the f i , i ∈ {1, . . . , k}, and assume Σ = ∅. The following conditions are equivalent:
(1) G vπ |= φ vπ , for each π ∈ Σ.
(2) G S |= φ S , for each proper subspace (X S , G S ) of (X, G).
(3) G S |= φ S , for each finite subspace (X S , G S ) of (X, G).
We remark that the case Σ = ∅ is not interesting. The units of A are non-zero rationals (by Lemma 2 (1)) so, if Σ = ∅, then the validity of φ is equivalent to the validity of φ P at a single P ∈ X.
PROOF. The implications (2) ⇒ (3) and (3) ⇒ (1) are clear, so it remains to show (1) ⇒ (2). If X S is a proper subspace of X then there exists some non-zero e ∈ A such that e is positive at all orderings in X S and e is negative at some P ∈ X. Then X S ⊆ X {e} , so we are reduced to the case S = {e} (so, in particular, we can assume S is finite). By the Transfer Principle, the set of Using this, along with Lemma 4 (1), we see that it suffices to show that, for any non-empty open arc J on C disjoint from the real roots of the π ∈ Σ, there exist non-zero t 1 , . . . , t n ∈ A such that, for each atom 1 ∈ D(gt α , ht β ) (with g, h ∈ A each being products of ±1 and a finite number of f i ) appearing in the formula φ, and each real point p on C but not on J, at least one of gt α , ht β is ≥ 0 at p. rx + sy + t, r, s, t ∈ Q, s = 0, cutting the ellipse C at two points p 1I , p 2I with
By the Chinese Remainder Theorem (or the approximation theorem for independent valuations [12, Theorem A.5.12] ) and our assumption (1), we have non-zero t 1 , . . . , t n ∈ A such that, for each of the atoms 1 ∈ D(gt α , ht β ) appearing in the formula φ, 1 ∈ D vπ (τ vπ (g t α ), τ vπ (h t β )) holds in G vπ , for each π ∈ Σ. We may assume each t i has the form ±1 times a product of real irreducibles with no repeated factors. Factor t i as t i t i where t i is the product of those π ∈ Σ which appear in t i . Then replace t i by u i = t it i wherẽ t i = ± I∈T π I s iI , where s iI = 0 or 1 depending on whether t i has the same sign or opposite sign at the opposite ends of the open arc I, and where the sign ± is chosen so thatt i has the same sign as t i at the ends of each of the arcs I ∈ T .
Consider a typical atom 1 ∈ D(gt α , ht β ) appearing in the formula φ. By Lemma 4 (2), one of gu α , hu β is non-negative at p for each real point p on C sufficiently close to the roots of the π ∈ Σ. Since the sign of gu α and hu β can change on C\J only at the roots of the π ∈ Σ and at the points p 1I defined above, it follows that one of gu α , hu β is non-negative at p for each p ∈ C\J.
By Lemma 4 (1), this implies that
We come now to the main theorem:
Theorem 6 Let F be the function field of a rational conic ax 2 + by 2 = c, where a, b, c are positive, which has no rational points. Then there exists a pp-formula φ with parameters in G such that G |= ¬φ, but G S |= φ S for each proper subspace (X S , G S ) of (X, G).
PROOF. Let π 1 , . . . , π 6 ∈ Q[C] be linear irreducibles having zeros p 1i , p 2i on the ellipse C, i ∈ {1, . . . , 6}, arranged in the following clockwise cyclic order: Replacing π i by −π i if necessary, we can assume π < 0 on the arc (p 1i ; p 2i ).
Let
Consider the pp-formula
(see [11] for a general discussion of pp-formulas of this sort).
Suppose that G |= φ. Fix t 1 , t 2 ∈ G verifying φ. We may assume that t 1 , t 2 are represented by t 1 , t 2 ∈ Q[C] and that t 1 , t 2 are square free. The signs of f 1 , f 2 and f 3 on the arcs between the successive points p ki , k ∈ {1, 2}, i ∈ {1, . . . , 6}, there is an even number of such points (by Lemma 3) and for i = j q i and q j have no common zeros on C, m 1 + m 2 + m 3 must be even. This contradicts our assumption and proves G |= ¬φ.
Finally, G vπ i |= φ vπ i for i ∈ {1, . . . , 6} by the substitutions
, so, by Theorem 5, G S |= φ S for every proper quotient G S of G. 2
The case of two parallel lines
In this section we complete our analysis by considering the case of a real irreducible conic of type (3), i.e., we assume C is defined by We still have the linear irreducibles π = rx + sy + t, r, s, t ∈ Q, s = 0, but these no longer suffice. To copy certain of the constructions used in the proofs of Theorems 5 and 6, we also use the fact that there are enough quadratic irreducibles in A of the form
Lemma 7 For given real r, s, t satisfying r > 0, |t| < √ d, there exist rationals r , s and t arbitrarily close to r, s and t respectively, such that x+(r (y +s ) 2 + t ) and x − (r (y + s ) 2 + t ) are irreducible in A. 
The correspondence between points on C and orderings on F = Q(C) is the same as before, but now there are additional orderings corresponding to the four half-branches of C at ∞. These are precisely the orderings compatible
Lemma 3 carries over with the same proof. Using this, we see that an irreducible π has an even (resp., odd) number of roots on the line x = − √ d, and also on the line
Lemma 4 also carries over without change but, regarding part (2) of Lemma 4,  there is also a similar result for the point at infinity: Suppose f, g, h are nonzero elements of A and f , g, h denote the associated elements of G v∞ . Then The following conditions are equivalent:
(1) G vπ |= φ vπ , for each π ∈ Σ ∪ {∞}.
The proof of Theorem 8 is the same as the proof of Theorem 5, with minor modifications to allow for the fact that we are now dealing with two parallel lines. In defining the π I we allow not only linear irreducibles, but also quadratics irreducibles as well (to take care of the case where the intervals I and J are both on the same component of C). In the last step, in the definition of thet i , we definet i = µ i I∈T π I s iI , where s iI = 0 or 1 depending on whether t i has the same sign or opposite sign at the opposite ends of the open interval I, and where µ i ∈ {1, −1, x, −x} is chosen so thatt i has the same sign as t i at the ends of each of the intervals I ∈ T .
Theorem 9 Let F be the function field of a rational conic x 2 = d, where d is a positive and not a square. Then there exists a pp-formula φ with parameters in G such that G |= ¬φ, but G S |= φ S for each proper subspace (X S , G S ) of (X, G).
Again, the proof of Theorem 9 is analogous to the proof of Theorem 6, but instead of using just linear irreducibles we also allow suitably chosen quadratic irreducibles. We arrange the zeros p 1i , p 2i , i = 1, . . . , 6 of these six irreducibles (for example), so that the first six points are on the line x = √ d, in the downward order. The reader may check that this particular arrangement uses two linear irreducibles and four quadratic irreducibles (two opening to the left, and two opening to the right).
